—Chapter 4—

BdG Equations
on a Lattice



4-1 Self-consistent BAG Equations

A. EQUATIONS OF MOTION

(1) The BCS Hamiltonian on lattice

2x At At At A A
H= Z tyy wcjo. t;¢ ](,—Cw) + Z (Aijc”cjl + A;-*jcjic”)
ijo ij

Since the Hamiltonian should be a Hermitian operator, i.e.,
Ht=H= tl*] = tji and A:] = A]l

(2) The equations of motion
Let the imaginary time t = it
d -
- a Cigc = [Cim H]

OS:

[a, bc] = {a,b}c — b{a,c}
[ab,c] = a{b,c} —{a,c}b

[éim H] = Z [éim _tuvciacva tuucl-acua + Auvcuo Ja]

uv

= Z —tuvCuoOiu — tuwCug iy + oA vc 50iu

Z —2t;i¢js + O'AU ie

2t->t

— ) —tiCjs + O'AUCJJ
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4 o] AF Af A At A
[Cia' H] - Z [Cim —tuvCuoCve — t;vcvcrcua + Afwcvﬁcua]

uv

— At At
- Z tuy Cuc 51'17 + tt*w Cyo 8iu - O-A:w Cvg 5iu

uv

_ « At .

= Z Ztijcja - O'Aijcvg-
J

2tt . ot

*
— ) tijCjs — 0hjjCyg

J

B. BOGOLIUBOV TRANSFORMATION

(1) Bogoliubov transformations

A na nxat
Cig = Z (ui Yne — 0V; ynﬁ')

n

élj-o = z (u?*ﬁo - O-vin],/\nﬁ)

n
which are linear transformations of creation and annihilation operators

that preserve the anticommutation relation, i.e.,
]”\nai/\rjcr + ?r-{a?na =1

(2) The Bogoliubov transformation in matrix form,

¢ 1 ... N _1x . _ N«
i 251 Uy 21 [Z1 y_”
¢ 1 ... N _1x . _ Nx %
T _ | un Uy Uy Un YT
A - 1 N 1% N* 9%
€11 vy otV U3 U Y
At 1 N 1x N ~1
CNl Un Un Uy Uy le
the transformation matrix is a 2N X 2N matrix.
Let
A AF
C11 ¢ C1L
= H c, = :
¢ At
uj uf vi vy
u= P, v=| : :
uy uy vy vy



Y11 ?;rl
Yr = A: ’ Y :
VN1 )7;:”

The Bogoliubov transformation can be simplified as,
Cr u —v\ /(!
<C1r> N (V u” )(YI)
(3) Since
(u —V*) (u —v*)Jr _ (u —v*) (u* v*)
v u/\v u v u/\-v u
_ (Iul2 + |v[? uv* - V*u>

vut —u'v  |ul? + |v|?

( )
0 1
W h( re

[ul?+|vl?=1=> Z |uTl|2 + |v-”|2) =1 oo (a)

vu* —u V—O:z(vn M —uMvl) =0
The Bogoliubov transformatlon matrix is a unitary matrix, i.e.,
(u —V*)T _ (u —V*)_1
v u v u
C. BdG EQUATIONS

(1) Define a spinor operator

Cr
v=(d)

The Hamiltonian in terms of  and T

M%48



_ [ At AT ~ ~
H = (ClT CNT Cuyp o0 o CNl)

0 —ty, o —tyy Dyg v o Ay 1t
—ty, 0 . . : . . :
_tNl O ANl ANN éNT
A%, e Ay 0 tf, - tiy éL
. . . . £ 0 . .
Ay o ANyt e e 0 c“;:”
Let
0 ty, - tiy Ayp - o DAy
t 0 . . . .
t= 2:1 B A:
tyy - - 0 Ay = = Ayy
We obtain

—t A Cr
H=cTc(* *><+> ..... c
() o)) ©
(2) Use the Bogoliubov transformation
cr
() (<)
—vi\t /= —v¥\ (N
_( u —vr' (-t A).(u V)
I R R A AT
_ (I e 0 ) (VI
_(YT Yl)(0 —sl><y1r
=ZE0Y$Y0+£0
o
where

(u —v*)*<—t A)(u —v*)
v u* At/ \v u*

_ (—u*tu + U Av + v A*uU + vtV uttv' +utAut — vIATVT + V*t*u*>

- vtu — VAV + uA*u + ut*v —vtv* — vAu* — uA*v* + ut*u*
and
u*tv* + u*Au* — v A*V + vittut =0
vtu — VAV + uA*u+ ut'v=20
E; = —tu? + Au*v + A*uv* + t*v? = —tu? + t*v2 + 2R{Au*v}
E, = —t*u? + Au*v + A*uv* + tvZ = —t*u? + tv? + 2R{Au*v}
As t is real,
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(3)

Er = —t(u? 4+ v?) 4 2R{Au*v} = —t + 2R{Au*v}
E, = —t(u? +v?) 4 2R{Au*v} = —t + 2R{Au"v}
= ET = El

The equations of motion in terms of c; and Cj;
[éio‘; H] = Z _tljéja + O-Aljcja‘
J

AT il * At * A
[ w'H] = Z tij¢is — 0hijjg
j

C11 0 -t - —tin All AlN

: ) 0 . . . . .
[ Cnr ﬁ] Cmter o e 0 Ay e e Agy
el e e Ay 0t ety

: . . . \ 5, 0 .

CAI’\r]l Ajq o Ayt e e 0

{616 (e

The equations of motion in terms of y5 and yg
R.H.S. of equation (d

()1- [ D= )

L.H.S. of equation (d

(5 ﬁ)<cf)=<5*t 6 G

Thus, we obtain

(—t A)(u —V*)=<u —V*) Er 0
A t/\v o v u* 0 -E,

)

The equations above are called the Bogoliubov-de Gennes' (BdG)

equations.

Global Index in Code Implementation
From the equation (c), the Hamiltonian matrix is
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0 —t12 —tiy A1 A1y
H= (—t A) | Ttv 0 Ay Ann
ATt A%y Al 0 tp tin
. . * .
H t21 0 H
* * *
Ay Ay tha 0
Declare a matrix in code implementation:
hy1 hyn hin+1 hyon
H= (—t A) _ hy1 hy N hy N+1 hy 2n
=(, 5=
A"t hni1 hniin  Ansin+t hni12n
haona honny  honn+t haonaon
Diagonalize H and obtain
eigenvectors:
1 N 1% Nx*
up U TV —U u;
1 N 1% Nx*
(u —V*) uy uy —vy —UN | _| W
* 1 N 1 N+ - V.
vV u Z) vy uj u; 1
1 N 1* N* Vv
4 vy Uy Uy N
where we define the global indices
u} u{v -v} —le*
=) N T N+1 2N
ul = (ul ..... ui ui ..... ui
v v u'”
o1 CN oN+1 2N
vl. — (vl ..... Vi Vi ..... Vi )
OS:

After diagonalization, we should use the normalization conditions
to verify the global index as follows:

> (el + opl) =1
n

> (e = vpup) = 0
n

eigenvalues:
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0
0 -—E En+1
0
Eon
where

E, Eqq

Ev [_| Ewm
EN+1 _Ell

Eon —Epny

D. SELF-CONSISTENT CONDITIONS AND ORDER
PARAMETERS

(1) Electron density:

(ﬁiT> = <éiTTéiT>
= Z ((u?*ﬁT - Uin?nl) (u??m - vin*ﬁi))

n

= > [l (phipnr) + 2 (s

= 3 Rl Eur) + o £ (~Eu)]
(ny) = <C£Cu>

= {5+ v (s + v 7)

n

= > orvr (i) + e (70

n
= > [or1 £ (=But) + [ (Bus)]
Using global ir?dices, we obtain

(nar) = D [t (Eur) + |7 F(=E)] = D 0] (En)

M8 8



(nus) = Z[w F(~Ent) + [ (Bus)] = 2|vn| [1- £ (Ba)]

1 eBE/2 _ g=BEn/2
=\ 1 T oBEz ¢ o B

1 BE,
= E (1 — tanh —2—'>

we obtain

2N
1 BE
{nir) = Z|u?|2§(1 - tanh7n>
gTVl 1 BE
2
(Tlu) = Zl|vln| [1 - E(l - tanth>]
N ) e
2
= ZL|Vln| E(l + tanth>
n=

(2) Superconducting pairing:

%4 %4
Aij = V<CiTle> = E(CiTle - leCiT> = E<<CiTle> - <leCiT>)

)= 3 ot~ 52) (5 %)
Z[u” <Vnﬂ’m>_” uj <Vnﬂ’nl>]
[

n

Z un f( EnT) vin*u;'lf(Enl)]
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(CiTle> = Z ((u??nl + U}”?IT) (u??m - Vin*)?;{i))

n

= Q[ ) o )

n

=S [ () + ol F (B

n
Using global indices, we obtain

Ay 2Z[u" 7 F (= Ent) = VP WS (Ent) = v wf (Ent) + 0o f(~En)]
ZZ[un n*f( En) ulv n*f(En)]
LS - ()

Since
2 ePfn —1 BE,
1-2f(E,)=1- T e e tanh—=
we obtain
V 2N
— n n* t h__
=3 Z an
EXAMPLES:

1. Solve the BdG equations for the d-wave superconductivity,

(—t A)(u —v*)z(u —V*) Er 0
A v/ \v u* v u* 0 -E

We can then obtain the pairing using

Ny, N*
Ayj ZZu tanh—

The d-wave Superconduct1V1ty is

A = %(wa +Aj—x = Diyy — Ai—y)

(3) D-density wave (DDW) order:

|4 %4 *
Wijr = 5 (ciTchT — C]TTCiT> =3 <<c;}cﬁ> - <Ci+chT> > =V J< :rTCJT>
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%4 %4 *
Wi = 5 (c;rlcjl — c].Jrlcu) =3 <<c;rlc]-l> - <c;rlcjl> ) =V-3 <C;rlcjl>
Wij = WijT + Wijl =V- S <<C1TTCjT> + <C£le>)

(CLTTCJ'T> = Z ((ulﬂ*yL - vinynl) (u}anT - V]n*)’:l-i))

n

= (v (g = v
n
_ nx, nfl, T n..n +
- Z [ul uj <ynTVnT> + Ui vj <anyn¢>]
n
= Z [u?*u}lf(Em) + vl-"v}’*f(—Em)]
n
(Cllcjl> = Z <(u?*)/;¢ + vinVnT) (u}lynl + v}l*V;T»
n
= uPul (yf + plph* t
i %j ni¥nl iYj YntVnr

= 3 [ut g (En) + i ()]

n
Using global indices, we obtain

Wy =5 3 [ F(Enr) + o) F(~En)

n

+ u{‘*u}‘f(Enl) + vi"v}‘*f(—Em)]

=V -5 z [u?*u}lf(En) + Vl-na'FV]T'l[1 - f(En)]]

n=1
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4-2 Magnetic Field Effect

A. PEIERLS SUBSTITUTION IN TIGHT-BINDING MODEL

(1) When apply an external magnetic field, the single-particle Hamiltonian
and the Bloch eigenfunctions are

T, = — <A+e£>2+v(*)
=— - r
B™2m 1#9 c
h()=—= > e®Bw (7R
lpk( ) m a ( )
Since in the presence of a magnetic field, the only term changed in the
Hamiltonian is the momentum operator as
. L, €
p—->p+ EA
Thus, we can assume the Wannier function as
W(F— ﬁl) = ePw (F— ﬁ)
The Schrodinger equation gives

Hpp(7) = —1-2 ek R i (F - ﬁ)

VN =

1 a1 1 €—>2 -
—_ ik‘R _ N _ - ~ —>_
_\/IV ) e 2 (;9+CA) +V(r)]w(r R)

Since
pePw (F - ﬁ) = —ihVe!Pw (F - ﬁ)
= —in[e®Vw (7 — K) + ie¥Vow (7 — K|
= e'®(p + hVg)w (7 - R)

(#5+§1‘T)2W(7—§)=(ﬁ+gff>-<ﬁ+§/f)ei¢w(F—ﬁ)

Thus, we obtain
Ry (F) = _1_2 QiR it i(ﬁ Iy hv¢)2 +V(7)|w (7 - )
B¥k VN = 2m c

Since
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ﬂ-fll)k(r) — + V(r) 1/)k(7”) = Ekl/Jk(T')

We need to set
—A+hV(;b=0=>¢=——f A(r’)-dr’ ..... (a)
c he Jg

Thus, we obtain

ﬁB‘[’k(F) = ei‘i’ﬁzpk(f’) = ei¢5k¢k(7) = ng)k(F)
= The magnetic field has no effect on the eigenenergy at the scale of
the crystal lattice and only adds a phase term in the Bloch

wavefunction.
(2) Thus, the hopping integral is
fj=— jw* (7 - Ri) 7tpw (7 - R;) d®r
= - fe—iqbiw (F—R.)e®iftw (7 - R;) d®r
- f e (B0l (7~ B) Aow (7 — ) air

_ e—i(cbz—(l’j) ti;

Since

r
b= fR Ay ar - | AG)-a7
)
e -
=—— A - ar
hC-LL-—WHR]- ( )

e
= ——| A
hCi —>r—>RJ—>Rl ( f (

Since we assume A(r) is approximately uniform at the lattice scale -
the scale at which the Wannier states are localized to the positions - we
can approximate,

e N
. 3€ A@#)-di ~0
hc ﬁi—’F—’ﬁj—’ﬁi

Let

21 .
by = hch A7) - ——OR "AG) - a
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where @ is the single-particle flux quantum,

¢0=f§=:207x10”5Tm2
Thus, we obtain

b — ;= —dy;
which is yielding the desired result,

tij = tl-je"‘l’if
= Magnetic fields are incorporated in the tight-binding model by
adding a phase to the hopping terms, i.e., the magnetic field enters the
kinetic part of the Hamiltonian through a phase factor.

Thus, the tight-binding Hamiltonian is
ﬁB = Z tij wcja + Z AlJ lTle +H.c.

ijo
Now, we can solve BdG equatlons as follows:

(—f A)(ﬁ —Vj:=<ﬁ —Vj Ey 0
AY T\ O v oar 0 -E
zz_ 0+ Ay o7 | = Enytiy

Jo
Z —t;je (¢’ ¢1)u +Auv]] En i}
— 1

Multiply e!®i on both sides

z _—t e‘¢1u +Al]vjne‘¢’] Eiilel®

j

To make the equations covariant, let
~Nn

Y

~n
Yj

A= Aijei(qbi_qu)
We obtain
z [—tijeid’fu}le_id’f + Aijvjne_id’fei‘l’i] = Ejyultei®ie~idi
j

Z [—tiju}’ + Zijvj”] = EnTu{’

j

= u}‘e‘“pi
= vjne_lqb}'

EXAMPLES:
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1. Solve the BdG equations for the d-wave superconductivity in the
presence of a magnetic field,

(—f A)(ﬁ —\7*)=(ﬁ —\7*) Er 0
A I\ o v a*/\0 -E

We then obtain the pairing using
i] 2 z un n* tanh_ = Aijel(¢i_¢j)

Since the d-wave superconductivity is

1
A=y (Ai+x T A = Ajyy — Ai—y)
We need calculate each pairing as

Aijz Zl’je_i(qbi_qu) = Eijei‘pif
B. RECTANGULAR VORTEX LATTICE

(1) Consider a rectangular lattice with the linear dimensions N, and N,, as
a unit cell of the vortex lattice.

N X
Since in the presence of a magnetic field, the magnetic effect is
included through a Peierls phase factor as
2 (R,
i == A(7) - d7
¢U CDO R ( )
where V x 4 = B2. Thus, the flux density enclosed within one plaquette

of the unit cell is given by

de Z f (7). dr——Zf i) - d

where |:| 1mphes a closed loop

(x,y) N (x+1,y) o (x+1,y+1)g> (x,y+1) g(x,y)
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and

Ri Ri e
Zf A(?)-d?:f A(F)-d?zfoA~dS=fB-dS:Ba2
o “Ri R; S S

where S is the size of the plaquette and a is the lattice constant.
Thus, we obtain

Z(],’)U = ——Ba

Smce the Slngle particle flux enclosed in a unit cell is 2 such as
Zqﬁu BN N, a? =2m

where |:| implies a closed path around the rectangular lattice such as

(0,0) > (Nya,0) — (N a, N a) (0 N a) 2 0,0)

we should let

Since the rectangular lattice is a unit cell of the vortex lattice, we can
introduce a translation operator T,,, such that

P =T, F=7+R
where R = mN,aX + nNyay.
The gauge transformation of the vector potential A under the
translation operator is /T(Tmnf") = /T(F) + Vx(7)
Now, consider a Landau gauge A= (—By, 0,0) such that

x y Z
Vx4 = 0 0 0 _ B2
xA= ox dy 9z | z
—-By 0 O

Thus, we have
A(Tono) = (=BT1n0y,00) = (~By,0,0) = 4(7) = A(¥) + vx (R)

= Vy (1?) =0
and
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A(Tn?) = (=BTony,0,0)
= (=B(y +nN,a),0,0)
= (=B,0,0) + (~BnN,a,0,0)
= /f(?) + Vy (ﬁ)
= Vy (ﬁ) = —BnN, ax
= X(ﬁ) = —BnN,ax

Thus, we obtain

(Pz] (_)) i: J'rj+R A)(?’) - dr!

=¢ij+%7zfvx(ﬁ)-d?'

Ry

=i + ( BnN. ax)
0

27T
= ¢;j — =—BnN,,amN,a
@,
= ¢;; — 2mmn
From 1-4-C, we have
/ i-2 ¥ (R i
' = elhci(( )ui — elZn:)((R)/dDOui
—i—v(R i
I=e lzc)(( )Vi —e LZn)((R)/CDOvi
A§j= eiz%X(R)Aij= ei41t)((R)/<D0Aij
where
)((ﬁ) = —BnNyamN,ya = —mn®,
By considering a closed path around the rectangular lattice,
o) @ ) ®
(0,0) = (Nya,0) — (Nxa, Nya) = (0, Nya) — (0,0)
the acquired flux of the superconducting pairing is

4
Db =g (o) =4

= The flux enclosed by a unit cell has two superconducting flux
quanta. Each vortex carrys the flux quantum hc/2e.

C. PERIODIC BOUNDARY CONDITIONS
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(1)

Since a magnetic unit cell contains two vortexes, conventionally, we set
the dimension of the lattice as Ny = 2N,,. Thus, each vortex is enclosed

: . .1 . N
in a square lattice with size 7xNy.

For the nearest neighbor hopping term, the flux density in each
plaquette is

Zcpi,-=Z§§Of:jﬁ(vﬂ)-d?=¢@+¢@+¢®+¢@

2 (XY i) 2
qb@:—-f A7) - d7 = =L Bya
CDO X,y CDO
2 x+1,y+1 .
¢@=—-J A(7)-di=0
(DO x+1,y
2 (XYt 2
bo =—-J A(7)-d? =—B(y + 1)a?
@, x+1,y+1 D
2w (Y
¢>@=—-f A(7)-df =0
q)0 x,y+1
Z _27TB2_2T[ (O ,  2m
4 Py =5 B =50 NNy,a2 " T NN, 90
=%o

The Peierls phase factors are

—@PoY, along + x direction

) Py, along — x direction
Pij = 0o , along + y direction
0 , along—y direction

at the boundaries
_ PoNyx | along + y direction, at y = N,,
bij = —@oNyx , along — y direction, aty = 1

For the next nearest neighbor hopping term, the flux density in each
triangle-plaquette is

> oy =Z§§0Ejﬁ(?)-df=¢@+¢@+¢@

2m (*tLY e( ) 2T 5
() =—-f A(?)-d7 = ——Bya
© q)0 X,y CDO
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21 x+1,y+1 N
bo = f A(F)-dPf =0
CDO x+1,y
2m (XY _2m 1) —
vom 27y ar = Lep O
q’o x+1,y+1 0 2

2r _a®> 2m @y a® 1 2m ¢,
z¢ij:_'

T ®yNN,a? 2 2NgN, 2
=®Po
The Peierls phase factors are

( 1
—Po (y + -) ) along + x + y direction

—+

NI»—\ NIH N[ =
\/\/\/

y along — x + y direction

—@olYy— along + x — y direction

(3
(-

at the boundarles

along — x — y direction

Po <Nyx > , along + x + y direction, at y = N,,
®o <Ny ) , along — x + y direction, at y = N,,
bij =1
—@o <N (x+1)+ > along + x — y direction, at y =1

1
—Po <Ny(x -1) - 5) , along — x — y direction, at y = 1
OS:

For some computer language, the index conventionally starts
from 0. Thus, we need to modify the boundary conditions as
follows:
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oij =

Qo | Nyx + )

(
oo(ie-2)
(

—@o| N (X+1)——>,

1
—o <Ny(x -1+ E) ,

along + x + y direction,

along — x + y direction,

along + x — y direction,

along — x — y direction,

aty =N, —1
aty =Ny, —1
aty =0
aty =20

(4) For the 3rd nearest neighbor hopping term, the flux density in each

triangle-plaquette is

2.9 Z f A(F) - d7 = g0 + bo + o + do

27 x+2y ( ) 21T 5
bo = — A7 -d7=——82ya
CDO x,y CDO
21 x+2,y+2 o .
Po = — A(F)-dF =0
CDO x+2,y
2w (oYt 2m
bo = A(7) - dFf = —B2(y + 1)a?
(Do x+2 y+2 @
27T 4 -
Po = — A(r)-dr=0
q)O x,y+2
2m ,  2m 2P 2
Z‘p”:? T Oy N Nyazt T SN
= 0 VxVy xVy
=®o

The Peierls phase factors are

(—<p0 2y, along + x direction

R P02y, along — x direction

ij = 0 , along + y direction

\ 0 , along — y direction

at the boundaries

( @oNyx , along + y direction,
—@oNyx , along — y direction,
bij = 1 Yo (Nyx - 1), along + y direction,
(%o (Nyx - 1), along — y direction,

5208
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4-3 Local Density of States

. GREEN'S FUNCTIONS ON LATTICE

Matsubara Green's function

61 (@ = = (T|ea@EHO]) = 0@ (ea (@) + 00 (¢ (en ()
Gin@ =-(Teh@e.])

= -0 (] e (@) + 0D (. O ®)

Fy(@ = = (T[ea@6,0)]) = ~0@ (e (0)) + 0-)6110)cir (7))

Fy(@ = - (T [, @&l 0]) = —0@ (]| @)} @) + 0(=0) (¢ 0], )

The equations of motion of Green's function

96 __Y2 o)) +Le (0
~—=Gij1(®) = = 5-0(D) (ca (D} O) + 5-0(=1) (¢} (0)en (@)
d ?
—0(7) <5; CiT(T)C]TT(O)> +0(-1) <CJ-TT(0) ECiT(T)>
Since —a—@(‘[) = 6(1) and i(9(—1) = —6(—1)
Jt Jt

a _[a
= Gijr (1) = =6(7) <{CiT(T). CJ-TT(O)}> — <T [% CiT(T)chT(O)D

ot
Use
a At t = * AT *
—acia(r) = [cia(r), H] = Z tijCie — 0AjCvg
i
0 D =@ A =Yty et
—Cio(®) = [eig (@, A] = ) ~tuéiy (@) + 0Byl (@
I
We obtain

0 ~
Gt (@) = =68y + ) (T[~tacu @} (0) + uck @} (®)])
l

-0, (0~
1
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2 60 = 5@ (e} @.6.0)) - <’T‘ [% cL(r)cﬂ(mD
=68(1)6;; + z (—ti*le*jl(T) - A?zFlj(T))
l
%Fij (r) =-6(7) <{CiT(T), le(O)}> - <T [% CiT(T)le(O)D
= Z (fizej (7) - AilGl*jl(T))
1

0
aFi?(T) =—6(1) ({ u(T) C]T(O) < [_ CN(T}CJT(O)D

= (86 @) ~ i @)

1
These equations are rearranged

0
5 Gijr(T) — z (_tilGle(T) + Aizﬂ?‘(ﬂ) = 6(1)6;;
1
d
By = ) (~taFy(@ + Gy (@) = 0
l
0
_aFi?(T) - Z (A’{zGle(T) + t;lFlj'(T)) =0
l

0 * * ok *
_EG”J’(T) - Z (tilGljl(T) + AilFlj(T)) = 5('[)51]
l

We now write these equations in a matrix form

Gi1r o Givr Fip Fiy
_i Gyt - Gynr Fyi 0 Fww
ot| Fii - Fin  Giy - Giyy
F1>\k/1 FIGN G;/u Gztnvl
—ti1 o iy A o Ay Gi1r - Givr Fp
—ty1 0 —tyn Ama Ayy Gyir - Gunr Faa
Ay e ALy tip ot Fiy = Fy Gy
A, o ALty tnn Fyi = Fyny o Gpyy
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10000 0
01000 0
B 00100 0
=8@o 00 1 0 o0
000010
00000 1
Let
Gi1o * Ging Fip = Fiy
Go=| : =~ |, F=|1:i ~
Gnic  Gine Fyi o - Fyn

The equations can be rewritten as

2o o (& om0l )
[-2 -G (& Do sl )

This equation is known as Gor'kov equations.

Fourier transform of the Green's functions

GT —le F 7

(F* )() ﬂz ( * G;)(“")
1 —iwT

o(r) = Ez e

w
Substituting into Gor'kov equations, we obtain

el 0)-G OIE Dw-iTe( )
[ -G AN Hea=( )

Insert Bogoliubov unitary transformation matrix

(s 2)-GF A1E E ) (3 &)= )

The solutions of BAG equations give us
(u —V*) (iw 0 ) _(Er O (u *) Gy F (iw) = (1 0)
v u 0 iw 0 —El u* F* G} 0 1
u —v*\[iw—Ep ( *) Fy oL (1 0)
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-1
GT F . _|fu —v* iw— ET 0 u —-v* t
= (F* GI) (iw) = [(v u* )( 0 iw+E, (V u* )

1
_ (u —V*) iw— Eq (u* V*)
v u* 0 1 -V u
iw + El
uu® N v'v uv” v'u
_ I:O)—ET i(l)+Ei i(x)—ET ia)+E¢
- vu* u*v Vv uu*

- +
I:O)—ET i(l)+Ei i(x)—ET ia)+E¢
Use global indices u}', vi*, and E,, i.e,

u} ul vl —vN*
—(ul o aV gVt ... 2N
u; = (g u; u; ui™)
v} vV oud ulM
R oN YN+T . 2N
v =(v; ViV vit)
E, Eqr
Ev |_| Ewnt
Eni1 —Ey
Esn —Eny
Thus, we obtain
n,,n* Nyg,N*
u;'u; u;'v;
Gijr  Fyj (i) z iw—E, iw-—E,
* * lw) = n, nx Ty, M
Fi P Gl]l — v; Uj A\ V]

iw—E, iw—E,
B. LOCAL DENSITY OF STATES

(1) The local density of states at zero temperature

1 o~
pi(w) = —E«S(Gm +Gyy)

nn*

1 1 u; u;
_2x(G. =__22~_J_L_
n‘s( ir) nls” <ia) — En>

n

1 1 \/
_25(G. =__§E~._LJ_
rrJ( it) L J(iw +En>
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= [urf 8(En - w)
n

=Y v 8(En + )
n



pi(@) = = ) [u[* 6(By — @) + [V [*6(Bn + )
n

OS:

The local density of states at finite temperature T
Using the property of §-function

d
8(Bn - 0) = —F(En - 0) = - L2
pi(@) = ) bl £(By = ) + [ 'f (B + )

Since

E, +

)
(P52

2

3o (12)

The derivative of the Fermi function is

M)

d _B
—a—a;f(Eniw)—Z[l—tanH( >

The local density of states at the temperature T is

pi(w) = gzﬂ: {|u?|2 [1 — tanh? ('B(E"T_‘“)H

+ |Vin|2 [1 — tanh? ('B—(En * w))

1+

2

E

. SUPERCELL

Let M;L; be the length of a crystal and L; = N;a; be the length of a

supercell.
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Apply the periodic boundary conditions
we (7 + ML) = e® My, (7) = uy (7)
- plkiMiLi — 1
2nt; 4;2m
i = Mz: = I—W—lz where ‘gi
The Bloch wavefunctions for each supercell are

fiam
u(7) = e Mili "'u(7)
Define the supercell Bloch states wave vector as E, according to Bloch's
theorem, BdG wavefunctions are

=0, M; — 1

U = etk Ty

Vg = etk Ty

(2) BdG equations are

_tk Ak Uy —V;; _ Uy —V;; EkT 0
Ayt )\vi up ) \vk  ug 0 -Epn

|t (U () + By (k)] ()| = Eny () (k)
j
Z —tij(k)ei%'Ffu}‘ + Aij(k)e"E'Ffv]-"] = EnT(k)em’?iu{‘
T
ik (rl r) (rl r) n
_tl](k)e / u +Alj(k) / U] EnT(k)ui

j -

Let tl](k) = elk.(ri_rj)tij and All(k) = elk'(ri_rj)Aij

:Z tUu] +AUU]] Epyul
Jj

(3) The local density of states in terms of supercell Bloch states

O DY CLC (RGeSt

+ |Vin(k)|2 [1 — tanh? (W)

|
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4-4 Superfluid Density

OS:
Inspired by Scalapino et. al. [Phy. Rev. Lett. 68, 2830 (1992)| for
the Hubbard model on a lattice.

A. CURRENT DENSITY OPERATOR

(1) We expand the Hamiltonian to include the interactions of electrons
coupled to an electromagnetic field.

_ .. -~ -
H=-— Z(tucwcja+Hc +UanTnl¢ ZZninj-=H0+H’

ijo i#j
Here, H'(t) describes such a minimal couphng

H'(t) = —ea ZA (7 OJE(R) - —Z A2(7, K, (7)

where a is the 1att1ce constant, A, is the Vector potential along the x-
axis, and the particle current operator is defined as

TP(2) = —j t t
]DICJ(ri) - _lz (tl] CigCjo — tU JU'CLO')

g
and the kinetic energy operator is defined as

R.(%) = —z (tijcmc]o +tfc Ncw)

ag
(2) The charge current density operator along the x-axis is found to be
]Ax(?l) = ___F_t_ = eaj}; (?l) + ezazkx(ﬁ-)Ax(ﬁ-, t)
OS:

An alternative derivation of the charge current density operator
The electric polarization operator

= > A
P=e E i

i
The x-component

P, = ez xn;

i
The time derivative is
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() = SE =~ [A,P

— focte —xi.cle

= Lez [xl ijCicCio xltﬂcjacm]
o

= —x: )£t e

e X X} UClJC}J

o

= leE (Xi — X]) tij (1 + l¢u) Ci-i-acja
o

With the phase ¢;; = eA;; = eAx(ﬁ-, t)(xl- — xj), in the limit that
the hopping integral only between the nearest neighbors, i.e., x; —

Xj

Ju() = ie ) aty(1 + ied, (7 )a)ch e,

o
. + 2,2 7 T
= ealz tL'jCiaCjU —e‘a z tiij(rL" t)CL-UCja

o o
= eaff(7) + e?a’K, () A, (7, t)

=a.

. KUBO FORMULA

In the linear response theory, the statistical operator in the interaction
picture is given by

i(tos

PO =pC-e) — 5 | [, p(-)] d’

The expectation of a physical variable is found to be
~ S ~ ~

(0) = Tr [p(~)0] — - f Tr{p(—=)[0(t"), H'(t)]}dt’
~ it ~
= (0)0 - ([0eh, 8'(£NH])at’
where

O‘(tl) — eiﬁot(’je—iﬁot

ﬁ'(t') — eiﬁotﬁle—iﬁot

The paramagnetic component of the electric current density to first
order in A, is

5288



t
N =i [ (UEGO.F©Dar
where

ff (77’ t) — eiflot]")}: (;)e—iﬁot

The diamagnetic part in (K, ), only to zeroth order; (-+ ), represents a
thermodynamic average with respect to H,.

C. SUPERFLUID DENSITY

(1) Diamagnetic response to an external magnetic field
<R\l)]c> = <_tijci-l}‘ch - tijcitcjl + HC>

B Z (‘tij (e vls = wyms) (7 = o771

n

—tij (u?*]/:;l + vin)/m) (u]nyni + vj”*y;{T) + H.c.>

= —t;; Z [u?*u}‘ <V§Tym> + v <an)’y1;¢>
n

nx, n

+ Uiy (V,Il)/nl> + vy <Vnﬂ/;[¢> + H.c.]
Use global indices u}', vi*, and E,, i.e,

u} ul v} —vN*
HT ’MI_\} N+1 2N
u; = (ui ..... ui ui ..... ui )
v} AN TES uM*
H-I\ N (N+1 2N
v, = (vl ..... Vi Vi ..... vl
E, Eqr
Ev |_| Ewnt
EN+1 _Ell
EZN _ENl

Thus, we obtain

<1?i§> = —tj Z [u{‘*u}‘f(En) + vV = f(E,)] + H.c.]

n
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(Re(i))) = - Z (tl-jc;racja + H. c.>

g

= - <tijci-l-chT + tijci.rlcjl + t]-*iCJ:I-TC” + t]ikiC]lei‘L)

- 3ot bt bt s i

n
+ v v <YnTVL> + tiut g <V:{H’m> + tvftvg” <an)’,1:¢>
+ tiuug (VLVnL> + v v <ynTy;T>]
=2 Z Im t;; [wful £ (E,) + VPV (1 = f(En)]
where t;; = tj; B

(2) Paramagnetic response given by the transverse current-current
correlation function

henri = [ dee oz 2020, 0)
Paramagnetic curre(;lt density

JE(r) = —iz (tijclj-acja - tf‘jCjTgCia)

(T2 G D, 0)

_ t .t t -
= — Z <T‘L' (tijcia'ch' — tjiCjO'CiO') (ti’j, Ci’a”Cj’a, - tjlilcjlo_lcifo-’)>

oo’

=Yty ({reclmcl ) + (heliachpco

oo’

t T t T
- <TTCi0'CjO'Cj’o-’Ci’J,> - <TTCjO'Ci0'Ci’o"C]"J’>>

According to Wick's theorem
.I.
(Trc;chc;chrT> = <TchTc;rT> <TTc]-:Tcl.T,T> - <Trcerc;rT> <TTCfTCi'T>

I O s g
= GGy — GGy

t — t t t t
<TrC£Cjici'¢Cj’¢> = <TrCi¢le> <TTCi’¢Cj’L> - <chucjrl> <TTCL"LC]'1>

Y A )
= G{;G}1;1 — GGy,
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t t — T t t .1
(TTCiTC]'TCi’.LCj’l> - - <TTC]TCLT> <TTCi’,LCj’~L> + <TTCi’J,CiT> <TTCjTCj’l>

= _GJ'TiGil’j’ + F,Fjjo

t t — T T t .1
(Trcucjlci,chrT> = — <TrCi¢Cj¢> <Trcercl.,T> + <Trcuci'T> <Tchrchl>

— el *

y=jii
T T Nl T AT l AL L Al
z <T‘Ecio‘cj0ci’g’cj’0"> = GjiGj'i' - GjliGjil + GijGiljl - GL-]-IGL-I]-

oo’

— GGy + FiyFipr = GGl + FiyFjr)

z <TTC,-JZ cwcj*,g,ci,a,> = G};Gl s — G} Gl + GGl — LGl

!

o0
Tl * el *
- Gl]G]Ill + F}"jFii, - GjiGi’j' + I:jj'Fl"i
T T _ AT T AT L~ Al
<T‘L'Cio‘cj0cj’o-’ci’0"> = Gjl‘Giljl - Giliijl + GijGj’i’ - GL-L-IG}-I]-
oo’

el * l AT *
- GjiGjlil + F}"iFji’ - GijGi'j’ + Fij’Fi’j

t t P P AL S Lpal Al oAl
Z <TTCj0'Ci0'Ci’o-’Cj’U’> = GijGjlil Gjleiil + GjiGiljl Gj]-IGili

!

ago
Tl * el *
- Gl]GL’_]’ + Fi,jFij, - GjiGj’i' + P}i'Fj’i
Since GﬁGﬁi, are disconnected part which will form a bubble, we can
ignore the contribution from the bubble.
G =GOS
ji i

T A7 L Al * *
_tijti’j' (_Gj’iGji' - Gij'Gi'j + Fi'iFjj’ + Fii'Fj’j)

_ T AT l Al * *
= —tyjtyy (=66l — GGl + Ej Fu + FuF o)

(TJE . DJE (', 0))

) ) l l *
+ byt (—Gi,iGj]., — GG + Fj Fjy

T T I Al * *
+ tijti’j' (_Gj'jGii’ - ijIGL-Ii + Fi’jFi]" + Fji’Fj’i)

C+ FlpFy;)

Since
1. GiT,l. does not contribute to the current
2. F;;r = 0in d-wave superconductivity

(TJEGOIE G, 0) = —tyty o (=66l — Gl Gl — GGl — GGy

i Fy + FjuFu g+ Fp o+ Fj*qu,i)

— T AT L Al * *
= —ztijtiljl (_Gi'jGij’ — Gij'Gi’j +Fij’Fi’j + FL-I]-FUI)
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B
A (r, 1) = f dr e (T,J2 (r, DJE (', )
ﬁzz T 0,0+ )

w nn'

BZZG:JG‘TJ ﬁzz Z iw —E i(Q jIl-‘a)l;jl—

w nn' w n=1n'=
-3 wpga o f(En) = F(iQ + Ew)
= i
J J IO+ E, —E,
n=1n'=1
The Meissner effect is the current response to a static ( = 0) and
transverse gauge potential

- LE) = 1(5)
50, GG = 0. 3wl B =

w nn' n=1n'=1

Ax(i,),Q = 0) = =2t;t,0 z z ",u”*u" ufr C— vV v]

n=1in'=
— v"u]" ujs vj vnuJ" u” v]" ) E, = En’
Let
an =t;; (un*un vnvjn'*)
-~ ot £(En) = F(Ew)
Ayx (1,7, = 0) = =2t;t;1; 2 2 | VA Vi b’in_En,"
n=1n'=1
We obtain

ps(,) = (=K (1.7)) = A (7,2 = 0)
_ an’ nn' f(En) — f(En')
z z ij i’y E,—E

n=1n'=1

Ztu [wru? £ () + vV (1 - £(E,))|

n

The local or site-specific superfluid density is then given by
Let j=1i
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E())_ xx(iﬂ:o)
Z Z rnn rnn’f(En) f(E )
yays i+x E,—E,

Z o [0t (Bn) + VIV (L = F(E))]

n
!
nn' _ nx N nyn' *
I‘i = Liivx (ui+xu -V Vt+x)

(4) The superfluid density is evaluated as

ps(T) -

_4_‘ <_Kx) - Axx(qx =0, qy = 0,0= 0)

where (—Ex) is average kinetic energy along X direction, and Ay, (¢,$2) is
a diagonal element of the current-current correlation.

Iy 1
Kx) = I_V-z z <[ti,i+xcljraci+xa + H. C])
i a

1yt . . .
Axx(q' mn) = Nf dTe_mnT<Tr ,f(q,r)],f(—q, 0))
0

The retarded current-current correlation function is obtained by
analytically continuing iQ,, = Q +id

—i t ; ! a o
Ae(0.9) = f dt' e T (0,07 (—q.t)
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4-5 Spin Relaxation Time

. SPIN-SPIN CORRELATION

Spin-spin correlation

xi @ = (1[5t @3 )

Let
St = C“iTTf‘i RRE Spin raise operator
S; = 6216” ----- Spin lower operator
We obtain

1@ = (T eu @) @ ()]

Use Wick's theorem, the product of four operators can be factorized
into sums of products of pairs,

1@ = (1] @t )T [ @cu @)
- (T[gr@cu®]) (T [} @} @)

Assume
Gjin(—1) = Gj;1(0,7) = <T [CJT(O)CLT(T)]>
6ju(@ = G (. 0) = (T[¢f@cu(@)])
Fi(=1) = i (0,0) = (T @) (@)

Fi(@ = Fi@,0) = (T, ¢} @)
We have
xii (@) = Gjin (=) Gjyy (1) — F;; (=) F;i(7)

The Fourier transformation of y

B
x5 (i) =f eyt (1) dr
0

B 1 . .
it 0T ,—iw)T
= el [? e tte A
0

wjw]

x [Gjir(iwn) Gy (iwp) = Fy(iwn)Fi (iwp) ] de

Since
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B ,
f el(@nton-0n)t 47 = B5(Q, + wy — wh)
0

we obtain

1
17 (10) = 57 ) B5(@n+ w0~ )

Wnwh
x |G (in) Gjus (i) = Fie(iwn) Fi(iep)|

1
= Ez [GjiT(iwn)Gjil(iQn +iwy) — ﬂ'i(iwn)ﬂ-’;(iﬂn n ia)n)]
wn

n, n*x My, m*
3 1 Wy \/iaY
ﬁwnnm iw, — E, i1Q, +iw, — E,
Ny, N* m,,mx
A/ Vi

iw, —E, iQ, +iw, —E,
where we have used global indices u}', v{*, and Ey, i.e,

u} ul vt -
/—T ’MI_\} N+1 2N
ul (ul ----- ui ui ----- ui )
v} vV oud ulM*
HT ’MI-‘V N+1 2N
Vl = (vl ..... Vi Vi ..... Vl )
E, Eqr
Ey Ent
EN+1 _Ell
EZN _ENl

Since

1 Z 1 1
B - iw, — E, iQ, +iw, — E,
wWn

_12 1 1 1
C BLaliwg—E,  iQy +iwy — Ep|iQy + En — Eny
Wn

_f(En) — f(Em — i)
- Q. +E,—E,

we obtain

E,)—flEn —iQ
Xl?"]._(iﬂn) = Z (u}‘u?*vjmvim* _ u]’-lv{l*vjmll?*)f( lng +fé ri El n)
) n n m

&35 8



(3) Analytic continuation
Q- Q+in

+— . _ Ny N* e, M, M* Ny, N* g, M M*
X (Q+ln)—2(uj-uivjvi —utvrvih; )
nm

Xf(En)_f(Em_Qn_in)
Q,+in+E,—Ep

B. SPIN RELAXATION TIME (T,)

(1) The spin-lattice relaxation time is

1 1
= s i, 0, m)

T,T

where

= . _ N N* M Mk N N, M M
S(Xii (lﬂn—’ﬂn‘l‘l’?)) —Z(“i ul vVt — uf v vtul)
nm

a EARRL

Q,-0

Qn +in+Ey, —Ep,

(2) Since
W v — v = | - v
1

> <Qn YintE,— Em) = (8O + B = En)
Thus, we obtain
S (i~ (@t m)) = D (v = wpvpr v

nn'
X [f(En) = f(Em — Q, — in)|(-m)8(Qy + Ep, — Epy)
1 . 2 2 * "

el = dm 2, (v = vy vimup)

n nn

Ep) = f(Em — Qp — i
xf( ) f(Q’” k) (-m)8(Qn + En — Eny)
n
= > (Pl = wrvirvra) [~ (En)m6 (Bn — En)]
nn’
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